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Abstract
Recent advances in high-performance computing and the abundance of large labeled datasets
have enabled machine learning practitioners to
successfully develop and deploy deep learning
models with enormous numbers of parameters.
Owing to the large degree of overparameterization, it is perhaps surprising that in practice such
models often generalize well. Indeed, identifying
which types of large models will generalize well
and which will generalize poorly remains an important research direction in the theory of deep
learning. One recent proposal is that parameter
configurations corresponding to “sharp” minima
may generalize worse than those that correspond
to “wide” minima. In this paper, we propose a
computationally-efficient method for approximating a sharpness measure based on the mean curvature of the loss landscape near a critical point.
We devise a new form of regularization for deep
learning models based on this sharpness measure.
Our experiments on fully connected networks and
convolutional networks show that such regularization can significantly improve generalization
performance.

1. Introduction
In recent years, deep neural networks has been very successful in solving problems in various domains, including
computer vision (Krizhevsky et al., 2012; He et al., 2016),
natural language processing (Bahdanau et al., 2014; Luong
et al., 2015), and reinforcement learning (Mnih et al., 2013;
Silver et al., 2017). One of the main drivers of such success
is the availability of large datasets. For example, the collection and labeling of ImageNet dataset (Russakovsky et al.,
1
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2015) have enabled researchers to train image recognition
models on data representative of real world images, thus
allowing the model to be applied directly, or to serve as the
basis of transfer learning (Oquab et al., 2014).
To achieve good performance on large datasets, increasingly
sophisticated models that require more computations have
been developed (Szegedy et al., 2017). In order to accelerate
the training on these large models and datasets, various
techniques have been explored, including adaptive learning
rate for stochastic gradient descent(SGD) such as ADAM
(Kingma & Ba, 2014) and scaling up training with data
parallelism such as (Goyal et al., 2017). These techniques
allows the model to converge faster on the training data,
thus enabling faster training.
While these acceleration techniques do provide speed advantages, it has recently been observed that they often reduce
the generalization performance of the model. (Keskar et al.,
2016) argue that there exist “sharp” minima which generalize worse than “wide” minima in the loss landscape, and
large-batch gradient descent converges to such “sharp” minima. In (Wilson et al., 2017), the authors argue that ADAM
has similar effect on some models. Many authors have
given different definitions to the sharpness of minima and
argued why “sharp” minima generalize worse. (Hochreiter
& Schmidhuber, 1994) define “flat minima” to be the region of connected minima with high volume. (Keskar et al.,
2016) define the sharpness of a minimum as the maximum
value the loss function attains within some neighborhood of
the minimum, and they argue that such definition is highly
correlated to the large positive eigenvalues of the loss function Hessian at the minimum. In (Chaudhari et al., 2016),
the authors incorporate the sharpness of the minima into the
loss by defining the loss function as the “local entropy” of
the original loss function. The authors argue that by optimizing the “local entropy” loss function, SGD will find minima
with better smoothness properties and generalize better. In
(Smith & Le, 2018), the authors show that by using Laplace
approximation of the posterior distribution, one discovers
that sharper minima with higher curvature generalize worse
because they correspond to minima with low Bayesian evidence ratio. On the other hand, some authors have also
challenged the argument that “sharp” minima generalize
better. (Dinh et al., 2017) argue that by simply reparameterizing a neural network, one can change the sharpness
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measure under various definitions while keeping the generalization performance of the network the same.
In our work, we focus on the spectrum of the loss Hessian
as a sharpness measure (Keskar et al., 2016). We show that:
• The spectrum of the loss Hessian can be approximated
by the spectrum of the empirical Fisher information
matrix, which is efficient to compute.
• For many network architectures, one can find better
minima by incorporating the sharpness measure into
the loss function as a form of regularization.

2. Problem Definition and Notation
Consider the following supervised learning problem. There
is an unknown distribution D defined on X × Y, where X
is the input space and Y is the output space. The training
set D̄ consists of |D̄| instances {(xi , yi )}i=1,...,|D̄| drawn
i.i.d. from D. The training distribution (X, Y ) ∼ D̄ is
defined as the uniform distribution on the training set, and
we overload the symbol D̄ to also represent this distribution.
Throughout the paper, we will use upper-case letters X, Y
to represent random variables and lower-case letters x, y
to represent actual data. We have a class of prediction
functions {fθ } : X → f (X ) parametrized by θ ∈ Θ, where
f (X ) is the output space of the model. The loss function
` : f (X )×Y → R is some pre-fixed metric used to evaluate
the performance of the prediction. The goal is to learn an
optimal parameter θ that minimizes the following population
risk,
E(X,Y )∼D [`(fθ (X), Y )].
(1)
For classification problems, one popular choice of model
output space f (X ) is the conditional distribution on Y :
fθ (x) = p(Y |x; θ), and the corresponding loss function
is the negative log-likelihood loss,
`(fθ (x), y) = − log p(y|x; θ) .

(2)

Minimizing the negative log-likelihood corresponds to the
maximum likelihood estimate of parameter θ.
Since one does not have access to the unknown distribution
D, one is aiming to find θ such that both the empirical risk
L(θ) = E(X,Y )∼D̄ [`(fθ (X), Y )]
1 X
=
`(fθ (x), y)
|D̄|

3. Approximating Sharpness Measure with
Empirical Fisher Information
In (Kearns, 1989; Keskar et al., 2016) the authors argue
that the sharpness of a minimum can be characterized by
the magnitude of the eigenvalues of the Hessian matrix of
loss function ∇2w L(θ). If θ is a local minimum, we know
that L is locally convex within some neighborhood of θ,
and therefore ∇2θ L(θ) is positive semi-definite, and all its
eigenvalues are non-negative. Then a reasonable measure
of the eigenvalue
is the trace of the Hessian, as
Pmagnitude
n
tr(∇2θ L(θ)) = i=1 λi . For high-dimensional problems,
instantiating the Hessian and computing its trace is computationally infeasible. For classification problems with negative
log-likelihood loss L(θ) = −EX,Y ∼D̄ [log p(Y |X; θ)|θ],
we can nevertheless approximate the trace by leveraging
a connection between the Hessian and Fisher information
matrix at minima, under the assumption that the model is
over-specified, i.e. that the minimum θ∗ overfits the training
set. In particular, recall that the Fisher information F on the
training set D̄ is defined as (Martens, 2014),
Fθ , −EX∼D̄,Y ∼p(Y |X;θ) [∇2θ log p(Y |X; θ)] ,

(5)

where Y is drawn from the model distribution p(Y |x; θ).
Under suitable regularity conditions, an integration-by-parts
identity gives Fθ the expected outer product of gradients,
Fθ

=

EX∼D̄,Y ∼p(Y |X;θ) [G(θ)G(θ)> ] ,

(6)

G(θ) = ∇θ log p(Y |X; θ)
At a minimizer of an over-specified model, the model distribution is close to the true label distribution of D̄ and the
Fisher approximates the Hessian,
Fθ∗ ≈ −E(X,Y )∼D̄ [∇2θ log p(Y |X; θ∗ )] = ∇2θ L(θ∗ ) . (7)
We can similarly approximate the model distribution with
the training set distribution in eqn. (6) giving,

(3)
F̄θ∗ , E(X,Y )∼D̄ [G(θ∗ )G(θ∗ )> ] .

(x,y)∈D̄

and the generalization gap
E(X,Y )∼D [`(fθ (X), Y )] − L(θ)

(infinitely) many θ that minimize the loss Eq. 3. Finding
an appropriate θ so that predictions made by fθ can generalize to unseen distribution D is fundamental in machine
learning.

(4)

are small. To evaluate the generalization gap, one usually
approximates the true distribution D by a finite set of withholding data drawn i.i.d. from D. In general, there can be

(8)

The matrix F̄ is referred to as the “empirical Fisher”
(Martens, 2014), and it approaches both the true Fisher
and the Hessian as the model overfits the training set. Moreover, eqn. (8) may be interpreted as the covariance matrix of
gradients of the loss function. Finally, we conclude that the
trace of the Hessian at minimum θ∗ can be approximated
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Table 1. Test accuracy of various fully-connected networks trained on CIFAR-10
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Figure 1. Test performance of a fully-connected three-hidden-layer width-4096 ReLU network trained on CIFAR-10 using SGD with
batch size 256, plotted as a function of learning rate and weight decay, for curvature regularization coefficient (a) α = 0, (b) α = 10,000,
(c) α = 50,000, and (d) α = 200,000. Non-zero curvature regularization increases both the maximum generalization performance and
the area of hyperparameter space corresponding to good performance.

by,

While eqn. (10) defines the global loss function, in practice
it will be optimized with stochastic gradient descent on minibatches. Concretely, for each iteration a mini-batch B ⊂ D̄
is sampled, and the loss function is computed on B as,

tr(∇2θ L(θ∗ )) ≈ tr(F̄θ∗ )
= E(X,Y )∼D̄ [tr(G(θ∗ )G(θ∗ )> )]
= E(X,Y )∼D̄ [G(θ∗ )> G(θ∗ )]

(9)

= E(X,Y )∼D̄ [k∇θ `(fθ∗ (X), Y )k22 ] .
This quantity is merely the expected per-example squared
L2 norm of the gradient. It does not require the Hessian or
Fisher to be explicitly materialized and can be computed
efficiently.

4. Curvature Regularization
The expected gradient norm squared defined in eqn. (9)
provides a computationally-efficient method for approximating the trace of the Hessian. A natural question to ask is
whether we can incorporate this measure as part of the loss
function to bias the gradient descent process into finding
wider minima. The modified loss function we consider is,
L̄(θ) , L(θ) + αE(X,Y )∼D̄ [k∇θ `(X, Y |θ)k22 ]
= E(X,Y )∼D̄ [`(fθ∗ (X), Y ) + αk∇θ `(fθ (X), Y )k22 ]
(10)
where α is a positive hyperparameter controlling the strength
of the regularization. Because the trace of the Hessian
measures the mean curvature at a critical point, with some
abuse of notation we refer to this type of regularization as
“curvature” regularization.

L̄B (θ) = E(X,Y )∼B [`(X, Y |θ) + αk∇θ `(X, Y |θ)k22 ]
1 X
=
`(x, y|θ) + αk∇θ `(x, y|θ)k22 .
|B|
(x,y)∈B

(11)
The computational overhead of this regularization method
comes from the evaluation of k∇θ `(x, y|θ)k22 , i.e. the
squared gradient norm. Crucially, this gradient norm is
computed per example; the average per-example gradient
squared norm is not equal to the squared norm of the average gradient. A naı̈ve implementation of per-example
gradient computation would involve an explicit loop over
the examples in a batch and would prevent efficient utilization of fast linear algebra and instruction-level parallelism.
Nevertheless, the specific structure of back-propagation for
many neural network architectures admits an efficient implementation that we now briefly describe.
Consider for simplicity a fully-connected feedforward architecture. Let {xi ; 1 ≤ i ≤ |B|} denote the post-activation
units of a given layer and yi = W xi + b the pre-activation
units of the following layer.PNow suppose the loss for ex1
ample i is `i , and L̄B = |B|
1≤i≤|B| `i . Then the average
gradient L2 norm squared for the weights W is,
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Table 2. CNN performance on CIFAR-10 and CIFAR-100
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Figure 2. Percentage of models from Figure 1 yielding performance above various test accuracy thresholds for different
strengths α of curvature regularization. Higher percentages indicate that a larger fraction of the weight-decay/learning rate hyperparameter plane corresponds good-performing models. Curvature
regularization increases this fraction, suggesting that the regularizer may allow not only for better generalization performance but
also for easier hyperparameter tuning.
|B|

1 X ∂`i
|B| i=1 ∂W

|B|

2

=
F

1 X ∂`i >
x
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|B|

1 X ∂`i
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|B| i=1 ∂yi

2
F

(12)

2
2
kxi k2

,

2

where we have defined the back-propagated error signals
as δi = ∂`i /∂yi . Note that both δ and x are already computed during the course of the normal back-propagation
algorithm, so evaluating eqn. (12) requires only minimal
computational overhead. Gradients of this expression can
also be readily computed using standard automatic differentiation procedures available in the major deep learning
frameworks.
In practice, we find that adding this regularizer incurs a
marginal computational cost of 15% in the fully-connected
case. Generalizing this type of efficient implementation
to other archictures such as convolutional networks is also
possible. We leave to future work the analysis of more
complicated configurations such as batch normalization and
residual connections.

5. Experiments
We evaluate the performance of the curvature regularizer on CIFAR-10 and CIFAR-100 datasets with fullyconnected networks and all-convolutional networks. The
fully-connected network consists of three hidden layers of

L2 only
92.83%
70.68%

Curvature and L2
93.54%
73.39%

4096 units, and the all-convolutional network is a nine-layer
network with average pooling in the last layer. We use standard SGD with momentum to optimize these models. For
the baseline models, we tune the learning rate and weight decay and report the best result. For the curvature regularized
version, we tune an extra hyperparameter, namely the coefficient α in eqns. (10, 11). The result of an extensive search
over hyperparameters is summarized in Table 1 for the fullyconnected architecture and Table 2 for the convolutional
case. The addition of the regularizer significantly improves
the generalization performance. Furthermore, from the ablation study between the curvature and L2 regularization, we
can see that the curvature regularization functions orthogonally to L2 regularization, which indicates that both should
be used in practice.
Figure 1 summarizes the result of a large hyperparamter
grid search for the fully-connected network in which we
scanned over learning rate, weight decay, and curvature regularization. This analysis reveals that test performance can
be quite sensitive to the learning rate and amount of weight
decay, but that this sensitivity is reduced in the presence of
curvature regularization. We quantify this effect by measuring the fraction of hyperparameter configurations yielding
test accuracies greater than a given threshhold. Figure 2
shows that increasing the strength of curvature regularization indeed increases the volume of viable hyperparameter
space and suggests that curvature regularization may allow
not only for better generalization performance but also for
easier hyperparameter tuning.

6. Discussion and Future Directions
In this note, we presented a computationally-efficient
method for approximating the mean curvature of the loss
surface at minima, and investigated the utility of this function as a regularizer in deep learning. Our experiments
demonstrate that such “curvature” regularization can yield
improved generalization performance and can enable more
robust hyperparameter selection.
Efficient implementation of the regularizer is straightforward for fully-connected networks, but doing so within
standard deep learning frameworks like TensorFlow can
present some engineering challenges for more complicated
architectures. Additionally, batch normalization presents a
conceptual challenge since the loss function does not decompose into a sum over per-example losses. We believe the
results presented here provide strong motivation to tackle
these challenges in future work.
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